In this paper, we investigate an upper bound of the polar derivative of a polynomial of degree 
investigated a lower bound of a polynomial of degree which has a zero outside ( ) ̅̅̅̅̅̅̅̅̅ and the remaining zeros in ( )
One of their results is as follows.
Theorem 1 (Somsuwan & Nakprasit, 2013 Nakprasit and Somsuwan (2017) investigated an upper bound of a polynomial of degree which has a zero in ( ) and the remaining zeros outside ( )
One of their results is as follows.
Theorem 2 (Nakprasit & Somsuwan, 2017) Let and ( ) be a polynomial of degree in the form
If a zero is in ( ) and the remaining zeros are outside ( ) then
The inequality (1.3) is sharp for a polynomial ( ) ( )
The polar derivative of a polynomial ( ) of degree with respect to a complex number , denoted by ( ), is defined by ( ) ( ) ( ) ( ) Note that ( ) generalizes the derivative of a polynomial in the sense that
The bounds of ( ) have been studied by many researchers. For example, Shah (1997, 1998) and (1.3).
Upper bound of a polar derivative of polynomials having at least one zero in ( ).
In this section, we investigate an upper bound of
with | | and ( ) is a polynomial of degree which has some zeros in ( ) and the remaining zeros outside ( ) where .
For a polynomial ( ) of degree , we define ( ) ( ̅ ) ̅̅̅̅̅̅̅̅̅ Let be a complex number with | | It follows from the result of Govil and Rahman (1969) that
Furthermore, one can show that
Theorem 3 Let ( ) be a polynomial of degree in the form
Let and with | | . If a zero is in ( ) and the remaining zeros are outside ( ) then
By substituting this result into (2.4), we obtain for | | that
Theorem 2 implies that
and therefore
Remark 4 Dividing both sides of the inequality (2.3) by | | and letting | | , we get the inequality (1.3) in Theorem 2.
In case , we obtain the following corollary. These results yield that
The right side of the inequality (2.3) becomes
which equals | | | ( )| in (2.6).
This means that an upper bound in Theorem 3 is sharp.
Moreover, this polynomial also makes (2.5) an equality, that is, Corollary 5 is sharp. 
and with | | .
where
By substituting (2.8) and (2.9) in (2.7), we obtain that
Remark 7 Consider a polynomial of degree 
The derivative of ( ) is ( ) ( ) ( ) ( ) ( ) and then
The triangle inequality implies that
One can see that 
